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Concept for Adaptive Noise Prediction
(EQ/I RAPIDs Project)

1. We wish to predict the noise levels
associated with some activity (e.g.,
artillery testing at Aberdeen Proving
Grounds, MD).

2. We start by collecting information on
the noisy activity, terrain, weather
forecast, etc., and run our sound
propagation model to forecast noise
annoyance in adjacent communities.

3. If the noise forecast is favorable, the
activity is cleared to proceed.

4. Monitors in the community can provide
a real-time check on the accuracy of
our forecast.

5. Can we utilize limited monitor data to
iImprove (or adapt or nudge our

: forecast) to make it more accurate, and

L TR e — , then advise the testing activity whether
B it can safely continue, or should be

curtailed?

&
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Calibrated sound level (dB)

But Sounds Levels Random and Difficult to Predict...

Shown below are comparisons between recorded sound levels and predictions
from the CASES-99 experiment, which was conducted at night in the Great Plains
(Kansas). This experiment provided the best possible scenario for trying to predict
sound propagation. (Ref: Wilson et al, J. Atmos. Sci. 60, 2473-2486, 2003)
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> Predictions were based on data from a 55-m tower, with wind and temperature sensors every 5 m.
A parabolic equation method was used to predict the sound propagation.
> Even with excellent atmospheric data (better than we would normally hope to have), predictive skil

for signal variations is very limited.
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What causes the mismatches between
predictions and observations at a
noise monitor location?
» Imperfections in our predictions (due to
limited terrain data, finite resolution of

atmospheric inputs, limitations of the
acoustic propagation model, etc.).

» Inherent randomness of sound
propagation (scattering by atmospheric
turbulence, variable ground properties,
objects such as vegetation and buildings
that can’t be resolved, etc.).

At best, we can predict the statistical
distribution of the sound level at a
monitor (more generally, the signal
power at a sensor). The parameters of
the distribution are known only
imperfectly — they depend on the type
of signal, frequency, propagation
geometry, intervening terrain, weather
conditions, etc.
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“More decisive? How can | be more decisive?
- | live by the uncertainty principle!™

The Flaw of
Averages
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Analogous situations may
occur in military contexts,
e.g., when we predict signal
detectability or
communications in a
complex environment, and
then obtain real-time
feedback on our predictions
as an operation proceeds.

Morthing {km)
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= Many statistical models, physics-based and empirical, have been
formulated for the random signal variations caused by wave scattering.

= We will extend such models to include parametric uncertainties
(uncertainties in the wave scattering parameters).

= We also show how modeling parametric uncertainties naturally relates
to Bayesian inference of the parameters. This relationship can be
exploited to:

» ldentify statistical models for parametric uncertainties leading to convenient
analytical solutions.

» Develop sequential updating algorithms, which refine an initial prediction of the
wave scattering parameters as new signal observations become available.

&
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Outline

Basic single-variate distributions for scattered signals
(exponential, log-normal, Rician, gamma, generalized gamma)

Parametric uncertainties
e Compound pdf formulation
» Turbulent intermittency (exponential/log-normal)
» K-distribution and its generalization

Bayesian methods for incorporating signal observations
» Bayes’ theorem and relationship to the compound pdf
» Log-normal/normal (weak scattering)

» Exponential/inverse gamma (strong scattering) @o 01 90 with the red or the mm

« Gammalinverse gamma (weak or strong scattering)
€ace it Heisenberg, you can f be

Multi-variate distributions stylish AND be a physicist at f‘*‘? same time
« Log-normal/normal (weak scattering) Quantum 1‘“2"! says | CAN,

» Wishart DOF 2 (strong scattering) Until the moment of
| observation, that is

Implications for signal detection

Automated target recognition (ATR)
with random signals

Conclusions

HEISENBERG'S UNCERTAINTY
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Simple Conceptual Model

O O

O s e

» The total received signal consists of contributions from an unscattered (direct)
path and from multiple randomly scattered (incoherent) paths.

» Weak scattering means that the direct path dominates; strong scattering
(Rayleigh or deep fading) means that the incoherent scattered paths dominate.

= Parametric uncertainty means that we don’t exactly know the statistics of the

coherent and/or incoherently scattered waves.

&
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Distributions for Scattered Signal Power (Notation)

In general, we write the probability density function (pdf) for the scattered signal power as:

/ signal power
probability density function (pdf) —, p(s]0)

parameters of the distribution

Example: For strong scattering, the signal power has an exponential distribution:

1 S
p(s|m) = aexp (— E) or p(s|A) = 1 exp(—A4s)

where (first version) 8 — m and (second version) 8 — 4. Here A = 1/m, and m can be
shown to equal the mean power.

(Note: for strong scattering, the signal amplitude has a Rayleigh distribution. Throughout
this presentation, we will focus on distributions for power.)
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Other pdfs for Scattered Signal Power

Following are some notable pdfs used for scattered signal power from the literature.
(Many more can be found.)

Log-normal (applies to weak scattering based on the Rytov approximation):

(lnS—u) ]

p(slu, @) = ¢\/_

Rice (weak scattering based on the Born approximation, exact for strong scattering):

e 1 s + v? ; \sv
p(slv, ¢ —Zczexp ol

Gamma (weak scattering based on empirical evidence,
exact for strong scattering):

AkSk_l

rk) ©

The Statistics Theme Park

b "Ride the Distributions!™

p(slk, 1) =

Generalized gamma (Ewart and Percival 1986)
(reduces to gamma when b = 1):

Abksbk—l 2
PEfTear——-a e_(ls) eg% This park is dumb.
F(k) 2 | ) Let's

j- II\lTl\

p(slk,4,b) =
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Comparison of Log-normal, Rice, and Gamma pdfs
(with matching means and variances)

2.5
o2 = 0.04
o2 =0.1
0?=02 ||
0? =04
0% =1
o o5 1 15 2 25 3 35 4 05 1 15 2 25 8 85 4
Signal power, s Signal power, s
Gamma (solid lines) and log-normal (dashed lines) Gamma (solid lines) and Rice (dashed lines) pdfs
pdfs for various values of the variance normalized for various values of the variance normalized by
by the squared mean. For weak scattering (which the squared mean. For both strong and weak
Is the intended application of the log-normal scattering, the pdfs are nearly identical. At
distribution), the pdfs are nearly identical. intermediate cases, there are subtle differences.
Main point: Log-normal is useful only for weak scattering. Rice and gamma are
useful for both weak and strong scattering.
&
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Generalized Gamma Distribution

k =1 (strong scattering)

10° T

—b=07

—b=0.7
——b=086 ——b=0.86 2
25 —b=13 g 10° et | The parameter b is seen to
el —e 4 control the “tails” of the
5 — —exponential | | 1071 — —exponential | |

distribution. As b decreases,
the pdfs change from a
normal-like appearance to
having tails exceeding the
gamma distribution for the
corresponding value of k.

Probability density function, p(s)
Probability density function, p(s)
=
n

4 0 2 4 6 8 10
Signal power, s

Based on empirical fits to
ocean acoustic data, Ewing
and Percival (1986) find that b
is usually less than 1

Signal power, s

k = 8 (weak scattering)

10° T

Probability density function, p(s)

—h =07 —ilh =07
——b=0.86 ——b=0.86 i
o5l b-08 b-08 (elevated tails are present).
—b=16 —b=18
—b=2 —b=2
— —gamma (k= 8)| | — —gamma (k= 8)| |

Signal power, s

Probability density function, p(s)

Signal power, s
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Parametric Uncertainties and the Compound pdf

We use a compound pdf to account for uncertainties:

p(slp) = j p (s10)p(8lx)d6

\ J\ J

|

|
pdf describing scattering / \ pdf for scattering parameters 0
(depends on parameters 0) (depends on hyperparameters y)

Example: Turbulent intermittency with strong scattering
(Gurvich and Kukharets 1986; Wilson et al. 1996)

For strong scattering, the signal power has an exponential pdf:

1
p(s18) = plslm) = —exp (- )

By Kolmogorov's refined hypothesis (1962), the structure-function parameters of
turbulence (and hence the scattering cross section in the inertial subrange) have a log-
normal distribution. Thus

] _ N2
p(®IX) = p(ml, §) = (inm — ) ]

exp|—

mov2m [ 202

The integral for p(s|x) = p(s|u, ¢) unfortunately does not have an analytical solution

in this case and thus must be determined numerically. ﬂ
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K-Distribution

Andrews and Phillips (2005): “...it has been observed that the lognormal PDF ... can
underestimate the ... tails as compared with measured data. Underestimating the tails of a
PDF has important consequences on radar and communication systems where detection
and fade probabilities are calculated over the tails of the PDF”.

Andrews and Phillips proposed using compound pdfs to provide models with more realistic
tails (although they referred to it as a “modulation process”.) This led them to the K-
distribution.

The K-distribution results from compounding an exponential pdf for s (valid for strong
scattering) with a gamma pdf (hyperparameters «, ) for the mean power m:

6 7 (ﬁ (B9 (245)

The generalized K-distribution results from compounding a gamma pdf for s (with shape
parameter k; valid for weak or strong scattering) with a gamma pdf (parameters «a, ) for
the mean power m:

2
P51 B.) = e = (B)H<D/2K 4 (2,/F5)

For k = 1, the generalized K-distribution reduces to the ordinary K-distribution.

&
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Comparison of Gamma and Generalized K-Distributions
k =1 (strong scattering)

Probability density function, p(s)

Probability density function, p(s)
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Signal power, s

Signal power, s

The gamma distributions
(scattering pdf without
any uncertainty) are the
black dashed lines. For
k =1, the gamma
distribution matches the
exponential.

As « increases, the K-
distribution converges to
the gamma pdf
(scattering when no
parametric uncertainties
are present).
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Bayesian Probability: Introduction

» Bayesian probability is based on assigning a prior probability to some hypothesis
(belief), and then updating that probability as relevant new data are collected.

» Conventional “frequentist” probability does not involve assignment of prior
probabilities; we simply collect data and assess statistics.

* One might think frequentism is superior because it is unbiased by the choice of prior.
However, the Bayesian viewpoint has largely triumphed, because it provides a
rational way to deal with limited datasets.

Recommended:

* S. B. McGrayne, The Theory That Would Not Die: How
Bayes’ Rule Cracked the Enigma Code, Hunted Down
Russian Submarines, and Emerged Triumphant from Two
Centuries of Controversy (Yale, 2011).

* N. Silver, The Signal and the Noise: Why So Many
Predictions Fail — But Some Don’t (Penguin, 2012).

Interesting questions Questions
about the world answerable by

frequentism

&
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Bayes Theoram
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Bayes’ theorem provides a
prescription for updating a
prior probability as new data
become available. The
updated probability is called
the posterior. The posterior at
one iteration can be used as
the prior at the next.

The actual outcome? .
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Connection between Bayes’ Theorem
and the Compound pdf

likelihood -
osterior PHOE
: e -
p(s]8,x) p(81x) p(s|6,x) p(8]x)
Bayes’ theorem: Ols,x) = = : : ;
y p(0ls,0 G0 [P (s16",0 p(@'x) d6

.

marginal (compound pdf from earlier)

Compound pdf Bayesian inference

: m likelihood function prior distribution
plibsdsisoe modehl et uncertainties in \ g ]
wave scattering (without scattering q : Y

et L parameters model evidence ‘ |

|

compound pdf for signal
distribution incorporating
uncertainties

posterior distribution
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Utilization of Bayesian Conjugate Priors

We are especially interested in cases where the prior and posterior have the same
functional form; the prior is then said to be the conjugate prior of the likelihood function.
This leads to a convenient iterative process where we can sequentially update the
hyperparameters as observations of the signal become available.

Strong scattering example: As discussed previously, the signal power has an exponential
pdf for strong scattering. In the Bayesian context, this is the likelihood function. The
conjugate prior for an exponential likelihood function is known to be the gamma distribution
with parameters 6 — {a, f}. Hence we set

=il
’Bala E

p(s|A) = 2 exp(—As) p(Ala, f) = Gamma(A|a, B) = ) oA
Integrating, we find for the compound pdf/model evidence:
af®
p(sla, B) = W

This is called a Lomax or Pareto Type Il distribution. For the posterior, we then find

(’3 = S)a+1/1a

e—l(,8+s)
Na+1)

p(Als,a,p) =

This leads to the following simple formula for updating the distribution of the uncertain
parameter A each time a new signal observation s becomes available:

p(Als,a, f) = Gamma(Ala + 1,8 +s) a—-a+1, pL-o>L+s

&
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Probability density function, p(s)

Probability density function, p(s)

Comparison of K- and Lomax Distributions

(k = 1, strong scattering)

K-distributions

3 T
a=15
a=2
25k a=3
a=5
a=10
P — ~exponential | |
1.5
3

Signal power, s

3 T
a=15
a=2
25 a=3
a=5
a=10
sl — ~exponential | |

Signal power, s

10°

109

a=1.5
a=2
a=3
a=5
a=10

— =exponential

10T F

Probability density function, p(s)
=)
n

10

Lomax distributions

1078
~
1074 3
~
105 L L ) L
0 2 4 6 8
Signal power, s
10" T
a=1.5
a=2
109 a=3
a=5
a=10
— —exponential | |

ey
(=]
A

Probability density function, p(s)
5 =
w n

-
e
A

-
]
(&)}

4 6
Signal power, s

o
N

10

Here, we have set g such that
the signal mean equals 1.

As «a increases, the pdfs
converge to the exponential
pdf (that is, to the strong
scattering case when no
parametric uncertainties are
present).

Note that decreasing «
(increasing uncertainty) leads
to much higher tails in the
distribution.

&
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Bayesian Adaptation for Strong Scattering: Simulation

Problem statement: We wish to know the mean received signal power. The signal varies
randomly due to strong scattering (exponential pdf). We start with a prior (proposed)
distribution for the mean, specifically a gamma pdf, which describes our initially limited
knowledge of the mean. We then begin to collect samples of the random signal. After each
sample is collected, we can refine the distribution for the mean using Bayes’ theorem.

actual mean of 4 mean of A for prior
7 LI \‘I LI /l 1 1
&« —

[¢)]
T

256

o
L]

Probability of A value
w

N
T

sﬁ

0 0.5 1 1.5 2 25 3 3.5
Mean inverse signal power ()

prior distribution

posterior after 1 sample

1 posterior after 256 samples
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Log-Normal Signal Model with Parametric Uncertainty
(Rytov Approximation for Weak Scattering)

A log-normal pdf can be used to describe a signal with weak scattering. Here we
formulate the parametric model for the logarithm of the signal, 7 =1Ins:

— )2
p(nle) = 1 exp [—M}

. . ¢V 2m 2¢°
p{n|m,, o) [,I-l_l,i|.:z];n.:z m,,, o du,
- 1 i—my)?
P, 73) = e | e
p / T

We assume that u (log-mean of the scattered signal strength) is normally
distributed and that the variance of x is known. Performing the integration, we find

o
pL|m,, o, ) aexp

1 (7 — my, )* ‘

*t .
oy '_:I e -
1 |.--3_I _I-' id I T -I

'|II._ & I.I'I'E
Hence the distribution for the log-signal is still normal, although the variance increases.

The Bayesian update for the posterior distribution is:

; 2 ]

T i ‘T:' i 1|"I -r'rz' l WA ”Iu d
PLE T Ty O, ) __|_1..'|_|!!|..|u.l-IJ | exp | ————=—
'Tu"" ':I_ ]

. fo—2 , =2 i —32 2.7 72— (a2 A
m, = (@, +0 ") lo,"my, +0 ") Ty =0, @ )

&
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Multivariate Log-Normal Distribution
(for Weak Scattering on Multiple Paths)

Extension of the log-normal signal model for the single variate case is straight forward,
assuming that the logarithms of the signals follow a multivariate normal distribution:

J 1 o
p(n|p) oL oxp | —-(n—p) e (n—p)
/(2 3
p(n|m,, X, ) [ pinlp)ppm,, X, ) du,
. i 1 1 _
plplm,. B, ) = ———exp | —<(p —m, )" E, (p - m,)
W (25 X, £

We assume that u (log-mean of the scattered signal strengths) is normally distributed.
The variance of g is assumed to be known. Performing the integration, we then find

. | 1 ~ a1 .
plpm,, X,) N IS axXp _—:_J']I mu_[[-—I:r—l.“_ Yy —my)| .

The Bayesian update for the posterior distribution is:

] 1 . .

LT - ! AF y—1L f

J".IIJJ 'i]'.m”.l.”. .'—-—_,-I'H']:l —_'-lp t'ﬂu. I.l'u | |p t'ﬂu.
[ (2m) ¥ |E | -

'lll_ i

m, = (E " +& ) I['Eu"m,, - by

i

%, =(Z +e7")

&
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Wishart Distribution (n = 2)
(for Strong Scattering on Multiple Paths)

The Wishart distribution is a generalization of the chi-squared distribution to matrices.
For two degrees of freedom (n = 2), the marginals of the diagonal elements of the matrix
have exponential distributions. Thus, the Wishart distribution may an appropriate model
for strong scattering along multiple paths.

Wishart pdf for n > p — 1 degrees of freedom:

|S|(r=P=1)/2
n
an/zl"p (7) |V|n/2

p(SIn, V) = exp[—tr(V='S)/2]

Here, S is a p X p symmetric positive definite matrix (containing the signal power at each
sensor and their cross correlations), and V is the scale matrix (p X p positive definite).

Similarly, the matrix gamma distribution generalizes the gamma distribution to positive
definite symmetric matrices. It might be useful for both weak and strong scattering.

&
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Wishart Distribution (n = 2)

0.9 F —p11(X) 0.9 —p11(X)
i p22(x) rem— pZZ(X)

0.8 R p12(x) 0.8 JR— p12(x)
0.7 0.7

5 06 5 06

Los V—[ 1 —\/E] Los Vzll \/E]

o - 2 \/_

04 —\2 2 £ 04 2 2

o
w

(perfectly out of phase) (perfectly in phase)

0.2 02}
01} 01}
ob 5 0 =
0 1 2 3 4 5 B 7 8 0 1 2 3 4 5 6 7 8

oo —p,,(
os :2‘38 Shown is a case where the mean on
o one path is twice the mean on the other.
Zx”ﬁ sol 0] Solid lines are theoretical results and
507 “lo 2 circles are numerical simulations. The
£ 0.4 marginals p;, and p,, follow an
03} (randomly phased) exponential distribution. The marginal
02} Seq p1 has a variance-gamma distribution.
01} .
0 1 2 3 4 5 6 7 8
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Signal Distributions and Physical Association

Likelihood
function (random
signal model)

Exponential

Exponential
Exponential
Rice
Gamma
Gamma
Log-normal
Log-normal,

multivariate

Wishart, 2 degree-
of-freedom

Matrix gamma

Prior (for mean
signal power)

Gamma (mean)

Gamma (rate)
Log-normal

(?)

Gamma (mean)
Gamma (rate)
Normal
Multivariate normal
(matrix inverse

gamma?)

(matrix inverse
gamma?)

Physical interpretation

Strong scattering, single receiver

Strong scattering, single receiver

Strong scattering w/turbulent
intermittency, single receiver

Weak (Born) or strong scattering,
single receiver

Weak (empirical) or strong, single
receiver

Weak (empirical) or strong, single
receiver

Weak (Rytov) scattering, single
receiver

Weak (Rytov) scattering, multiple
receivers

Strong scattering, multiple receivers

Weak (empirical) or strong, multiple
receivers

Posterior (for
mean signal
power)

(non-analytic)

Gamma (rate)

(non-analytic)

(?)

(non-analytic)

Gamma (rate)

Normal

Multivariate
normal

(matrix inverse
gamma?)

(matrix inverse
gamma?)

Bayesian conjugate priors are available for the cases shown in red.
Final two rows above are somewhat speculative.

Model evidence

(signal model with

uncertainty)
K-distribution
Lomax

(non-analytic)

(?)

Generalized K-
distribution

Compound gamma
distribution

T distribution

T distribution,
multivariate

(?)

(?)

&
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Conceptual Model (with Noise)

o A
nNoOIS@ sSource

The received signal consists of the signal of interest, which propagates along and direct path
and multiple randomly scattered paths, and noise from multiple, random sources.

&
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Basic Formulation of Detection Problem

The random scattering and random noise mechanisms lead to a probabilistic
distribution for the signal and noise.

Let p(s, n | &) be the joint probability density function (pdf) for the signal and noise,
where @is the set of parameters for the pdf. Then the probability of false alarm is

Pea(0y) = j Po (16 dx  Po(xl6n) = P(nI6,) = fp(s,n|9)ds.
Y

where p,(x | ,) is the pdf for the noise alone. The probability of detection is

Pa(6) = f L (xl)dx  pi(x]8) = f b (s,x — 516) ds.
Y

where p,(x | ) is the pdf for the signal plus noise.

&
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ROC Curves with Parametric Uncertainty

1
0.8
s
B k=1
o
$ 06 (strong.
s scattering/
= .
£ fadin
S 0.4 9)
8 _
o —3=05
o —g=1
0.2 3=2
—3=4
—3=8
0 . . . :
0 0.2 0.4 0.6 0.8 1

Probability of false alarm

o
co

=

S

S ke = 4

£06 (moderate

; sca_tterlng/

= 04 fading)

{‘é —3=05

= —3=1

0.2 3=2
—pj3=4
—3=8
0 . . . :
0 02 04 06 08 1

Probability of false alarm

Receiver operating characteristic (ROC) curves corresponding to a gamma-distributed
signal with the specified shape factor and gamma-distributed noise with k, = 4. The
signal-to-noise ratio (SNR) is 2, and the hyperparameter gis varied as shown in the
legend. (The hyperparameter « is set to kg +1, so that the mean signal power is 1.)
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ATR “Brick Wall”

One of the primary unsolved challenges for performing robust
automated target recognition (ATR) is how to compensate the
signatures for environmental propagation effects. As a result,
ATR algorithms tend to function well only very near the source
(where propagation effects are minimized) or in the specific
terrain and atmospheric conditions for which they were trained.

» This is particularly true for acoustic and RF signals, which undergo strong
frequency-dependent scattering and refraction, particularly in complex
environments such as urban, forest, and mountainous. But optical and
other types of signals are also impacted.

» In principle, the problem might be attacked by building much larger
observational (or simulation) databases than we have now to encompass
many additional propagation scenarios. However, we cannot afford to
collect data in every terrain condition, ground condition, wind condition,
etc., in which a system might operate.

&
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Conceptual Model for ATR with Random Propagation

(target C,, @
O emits features s, ..., S,)

Ol ouke NOT FoclING
ANy BoDYT YovRe ST

M STUFF UP NoW ¥ | -
v P LA_HJNG Li P -
QDOQD i Fb '

(receives data X, , ..., X,;) Q

= The source signal propagates randomly along multiple transmission paths.

= Each sensor receives a version of the feature set (vector) which is distorted
during transmission, by a combination of deterministic and random effects.

= We model hyperparameters, namely statistical parameters for the received signal
feature set, at each receiver location.
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Bayesian Classifier w/Propagation Effects
Approach:

1. Use a physics-based model (e.g., an acoustic propagation model supplied with local terrain
and weather forecast data) to predict parameters of the pdfs (hyperparameters, @) for the
feature set for each target (Cy), namely p(08|Cy).

2. Calculate the probability p(x|Cj) for an observation of the feature set x for a given target, using
the model from Step 1.

3. Use Bayes’ theorem to calculate the posterior probability for each target, p(Cy |x).
E C, = target class k

x = vector of signal features (all features, all receivers)

Notation — i .
6 = vector of pdf parameters for signal features (all features, all receivers)

p(a | b) = probability density function for a conditioned on the value of b

prior probability for target C,

likelihood of observed feature set, for target C, B0 e s

modeled propagation from target C,

posterior probability for target Ck /
p(Cpx[C)  p(Cr)

P(Crlx) = p(x|0)p(6|Ci)d6

/,/P(X).p() /

probability for observed feature set probability for modeled signal parameters
(normalizing factor) (hyperparameters), for target C,

&
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Signal Parameter Updates

One of the strengths of the Bayesian formulation is that it provides a way to
update our knowledge of the signal parameters as more observations become
available. This helps us overcome the random, unpredictable behavior
(scintillations) of acoustic, RF, optical, and other types of signals.

Classifier update: Hyperparameter update:
Provides the probability of a Updates the propagation prediction for
particular target, given the observed a particular target, given the observed
feature values. feature values.
p(X|Cy)p(Cy) p(x|0)p(0]Cy)
@) = 01x,Cy) =
PG = 55 ) L Gl e

Sequential updating: The posterior at the current time step becomes the prior
at the next time step; that is, p(Cy|x) becomes the new p(Cy), and p(0|x, Cy)
becomes the new p(0|C;). Hence our knowledge of the target probability
and the true signal parameters systematically improves as more
observations are collected.

&
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Conclusions

Connections were examined between physics-based
statistical modeling of signals, uncertainties in the
wave scattering parameters, and Bayesian inference.

Uncertainties can be addressed with a compound pdf,

which incorporates separate pdfs for the wave
scattering process, and for the uncertain wave
scattering parameters.

Uncertainty tends to raise the tails of the signal pdfs,
which has important implications for detection and
communication system performance.

In the Bayesian perspective, the scattering models
correspond to likelihood functions, which are
conveniently paired with their conjugate priors to
efficiently update the uncertain signal parameters.
The prior distributions, as predicted using an initial
forecast based on available weather and terrain data,
can then be refined as additional signal observations
are collected.

| THOWGHT | WAS
INTERESTED (N UNCERTRINTY
BuT oW (M KoT 30 SURE

o
[
s
. \
‘\ Craraunisen,

“Is this needed for a
Bayesian analysis?"
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